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Vector & Tensor

 A vector is described as

 A 2nd order tensor is a result of dyadic product of 2 
vectors

 A tensor may have higher order, i.e. 3rd order, 4th order,…
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jiij vuT =

Note on summation convention:

1. Each index runs over 1, 2, 3

2. Free index emerges only once

3. Dummy index emerges twice 
and twice only



  

Why Tensor?

 Materials in nature are deformable. A scalar or a vector 
cannot represent deformation. In order to describe and 
understand various modes of deformation a tensor is 
needed to represent deformation state.

 Inside a deforming material body, there emerges 
interacting contact area forces due to resistance of the 
material body to deformation. This contact force on each 
area element can be determined by applying a 
transformation-like quantity on the normal vector of the 
element area. This transformation-like quantity 
represents the stress state and is called stress tensor.



  

Some basic operations

 Kronecker delta notation

 Dot-product of 2 vectors
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Rules of 1-dot product:

1. Find out 1 pair of neighboring 
basic vectors

2. Multiply this pair of vectors



  

Some basic operations

 Dot-product of a tensor and a vector

( ) ( )kkjiij eueeTuT .. ⊗=

( ) ikjkij eeeuT .=

ijijijkkij euTeuT == δ

Rules of 1-dot product:

1. Find out 1 pair of neighboring 
basic vectors

2. Multiply this pair of vectors



  

Some basic operations

 Dot-product between a 4th order tensor and a 2nd order tensor

( ) ( )baablkjiijkl eeSeeeeCSC ⊗⊗⊗⊗= ::

jilbkaabijkl eeSC ⊗= δδ

jiklijkl eeSC ⊗=

jiij eeT ⊗=
Rules of 2-dot product:

1. Find out 2 pairs of neighboring basic vectors

2. Multiply these 2 pairs by order



  

Gradient and Divergence

 Nabla operator

 Gradient of a scalar

 Gradient of a vector

 Divergence of a vector
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( ) ( ) jiijjjii eeueueu ⊗=∂=∇ ,

( ) ( ) iijiijjjii ueeueueu ,, ... ==∂=∇

332211 ∂+∂+∂= eee

3,32,21,1 fefefe ++=

3,32,21,1 uuu ++=



  

Gradient and Divergence
 Divergence of a 2nd order tensor

( ) ( )jiijaa eeTeT ⊗∂=∇ ..

jiijjijijaiija eTeTeT ,=∂=∂= δ



  

Application

Groundwater Flow

Essential variable: Displacement
u

Water pressure
p

Kinematics: ( )∇+∇= uu
2
1ε

( ) jijiij eeuu ⊗+= ,,2
1ε

( )jiijij uu ,,2
1 +=ε

pI − ∇=

ii peI ,−=

ii pI ,−=

Linear Elasticity

Notation: ε – linear strain tensor, I – pressure gradient vector



  

Application

Groundwater FlowLinear Elasticity

Constitutive:

εσ :E=

Hooke’s law Darcy’s law

jiklijkl eeE ⊗= εσ

Notation: E – 4th order material tensor, K – 2nd order permeability tensor
 σ – 2nd order stress tensor, q – Darcy’s flux vector

IKq .=

ijij eIKq .=

klijklij E εσ = jiji IKq .=



  

Application

Groundwater FlowLinear Elasticity

Equilibrium: 0. =+∇ fσ

0, =+ jjjiij efeσ

0, =+ jiij fσ

Qq =∇ .

Qq ii =,

Notation: f – force vector, Q – Recharge



  

The End

Thank you for listening!
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